We have used the equations-of-motion method to study various states of N2, CO, and ethylene. In this approach one attempts to calculate excitation energies directly as opposed to solving Schrodinger's equation separately for the absolute energies and wavefunctions. We have found that by including both single particle-hole and two particle-hole components in the excitation operators we can predict the excitation frequencies of all the low-lying states of these three molecules to within about 10% of the observed values and the typical error is only half this. The calculated oscillator strengths are also in good agreement with experiment. The method is economical, requiring far less computation time than alternative procedures.
I. INTRODUCTION
In previous papers we have discussed the equationsof-motion method as an approach to predicting the excitation energies and transition moments of electronic transitions of atoms and molecules. In these methods one attempts to calculate the excitation frequencies of a system directly as opposed to the more conventional approach of solving Schrodinger's equation separately for the energies and wavefunctions of the ground and excited states. In the equation-of-motion method (EOM) one calculates a set of amplitudes for each excited state which specify the relationship of that state to the ground state. These amplitudes are the components of an excitation operator and along with the excitation frequencies are the solution of the equations of motion. One of the specific advantages of this method is that the matrix elements needed to set up the equations should be very insensitive to the inaccuracies of the approximate ground state wavefunction used to evaluate them.
In this paper we discuss the results of calculations on nine low-lying states of CO and eleven states of N 2 • The main purpose of these calculations is to test the accuracy and practicality of the equations-of-motion approach to studying the excited states of molecules. The results are very encouraging. For example, the predicted excitation frequencies of the nine states of CO all lie within 1% to 6% of the experimental values while those of N2 are within 1 to 9% of experiment. The calculated intensities of the transitions are also in good agreement with experimental data. These results also support our statement that this approach to predicting excitation energies would be direct and economical. In fact the calculations reported in this paper required very modest computing time. We also report some more recent calculations on the vertical excitation in the N-N band of ethylene. Our results show that the vertical excitation energy of this transition is 7.9 eV and the oscillator strength is 0.40 assuming a FranckCondon factor of unity. This is in very good agreement with the experimental results of 7.6 eV and 0.34 for the excitation energy and total oscillator strength, respectively.
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In Sec. II we briefly discuss the final form of the equations of motion. Section III gives the results of our calculations on N2, CO, and ethylene. We conclude the paper with a summary of our conclusions concerning the accuracy and practicality of the equations-ofmotion method. These conclusions are quite optimistic. In the Appendix we give computational details including the composition of the atomic orbital basis sets used in these calculations.
II. THEORY
In this section we review some pertinent aspects of the solution of the equations of motion we have recently proposed. References 1 and 2 contain the necessary details. The variational form of the equations-ofmotion states that the operator for generating an excited state I X) from the ground state I 0) is exactly a solution of the equation 2 (0 l[oO}., H, OA+JI O)=wx(O l[oOA, OA+JI 0), (1) where wA is the excitation energy, EA-E 0 , and the double commutator is defined by
2[A, H, B]=[A, [H,BJJ+[[A, H], B]. (2)
oOA is a variation on OA. The operator oA+ is specified by a set of amplitudes which determine the relative importance of various particle-hole excitations in generating the state I X), i.e., Ox+ I 0)= I X).
(3)
The dominant terms in Ox+ are the single particle-hole amplitudes ( 1p-1h). In the first approximation we restrict o}.+ to the lp-lh form, and then we will include the 2p-2h contribution by a perturbation approach. Equation (1) gives the following equation 3 for the amplitudes { Y m-y} and { Zm,} and the excitation frequency wx:
where the matrix elements of A, B, and Dare
(5) Cm'Y+(SM) is a spin-adapted particle-hole creation operator, and m and 1' specify a particle and a hole state, respectively. To evaluate the matrix elements in Eq. (5) we write an approximate ground state wavefunction,
where
m'Y,n5 S The approximate ground state wavefunction, I 0), of Eqs. (6) and (7) contains the main correlation effects for closed-shell systems. 4 We have recently shown that with I 0) of Eq. (6), the matrix elements of Eq. (5) are, to a very good approxima tionJ..5 
In Eqs. (8)- (10) the indices m, n, p, and q always refer to particle states and')', o, JJ., and " to whole states. The matrices T and S in (9) depend linearly on both the interaction elements vijkl and the correlation coefficients C;;kl· Only integrals of the form V m'Yn5 and V mn'Y5 are needed to compute the matrix elements in (8) . The matrix X which contains interaction elements V mnpq and v ' Y51' •• which are not of this type, has been shown to be negligible and is not included in these calculations. 5 Em or E' Y represents a Hartree-Fock (HF) orbital energy. Pmn< 2 > and p' Y5< 2 J are the second order density matrix corrections and depend quadratically on the correlation coefficients; terms containing them are part of the renormalization scheme. 6 If all correction coefficients C;Jkl(S) are ignored the elements of (8) reduce to the random phase approximation (RPA) matrices.
With these approximations to the matrix elements Am'Y,n5, Bm'Y,n5, and Dm'Y,n5, the equation of motion ( 4) can be solved by standard matrix algebra to yield the 1p-1h amplitudes I Y m'Y I and I Zm-y I and the corresponding excitation energy wx. Although the results given here are obtained from the solution of ( 4), accurate answers (see Appendix) can be obtained by including only diagonal terms in the D matrix, the principal advantage being that a new eigenvalue equation can be formed which has the same matrix form as the simple RPA. 2 Equation ( 4) is the final form of the equations of motion for the excitation frequencies, w(>.), in the single particle-hole approximation. In this approximation the excitation operator, Ox+, contains only 1p-1h creation and destruction operators, Cm'Y+(SM) and Cm'Y(SM), respectively. These excitations are from a correlated ground state. Note that the equations are designed so that the matrix elements needed are ground state expectation values of double commutators. These should depend on relatively simple properties of the wavefunction. Since these double commutators, e.g., Am'Y,n5 and Bm'Y,no, are of lower particle rank than matrix ele-· ments such as (0 I HI 0) they are correspondingly less sensitive to the details of I 0). In principle one can solve Eq. ( 4) (llb) n5 Cm'Y,no is defined in Eq. (10) . In practice Eq. (11) can be solved only approximately but this is a minor point since, as expected, the calculated excitation frequencies are not sensitive to small changes in the correlation coefficients {Cm'Y,n/}, Eq. (7). In the calculations presented here we solve ( 4) iteratively using the amplitudes 1 Ym51 and IZ(mll)} in (11) to determine the correlation coefficients for a new iteration until the eigenvectors and eigenvalues have converged. However, an initial approximation to the coefficients C; 1 d using Rayleigh-Schrodinger perturbation theory gives essentially the converged result. Note that the particlehole pairs { m')'} determine the 2p-2h components which should be included in the ground state I 0).
Generally the most important compounds of lowlying excited states are the single-particle-hole pairs. In the complete expansion of the excitation operator Ox+, these would have the largest amplitudes. However doubly excited configurations (relative to the ground state)-two particle-hole components-can affect the excitation energies of some molecular states by more than 3 eV, the actual amount reflecting mainly a selfconsistent readjustment of the core of basically groundstate (hole) orbitals during the excitation process. In Ref. 6 we showed how the theory including two-particlelike states is equivalent to the single-particlelike theory with a renormalized interaction and suggested a perturbation approximation for including their effects on 
where wOp-th) is the excitation energy of the lp-lh approximation, i.e., an eigenvalue of Eq. ( 4) and
The elements of the matrices Aa and Ad are given explicitly in Eqs. ' Yo is the transition moment between a hole orbital 'Y and a particle orbital m, and Pmn < 2 > and P-ya< 2 > are defined as in (8) . The two last terms in Eq. (14b) represent second order corrections to Mox and tend to alter (usually decrease) it by only a few percent. Other second order corrections due to 2p-2h components are not included here. They depend only on particleparticle (M,.n) and hole-hole (M -ya) transition moments and should be of lesser magnitude. Many sum rules, including those for the oscillator strength and rotational strength, must be very nearly satisfied in this method. 7 In terms of Mox the oscillator strength, f, of the transition is
In the following sections we discuss the results of calculations on various states of N2, CO, and C2H4 using the lp-lh theory, Eq. (4), and the lp-lh and 2p-2h theory, Eq. (12).
III. APPLICATIONS

A. States of N 2
The electron configuration of the ground state of N 2 is
We have considered the following states: B 3 ITa(3u 0~7 r 0 ),
,
(2u,.~7r 0 ), and b 1 II,. (2u,.~7r 0 ). We indicate in parentheses the electron configuration of the principal component of each state. The first step of the calculation is to carry out a Hartree--Fock calculation in order to generate a particle-hole basis. The occupied orbitals are hole states and the virtual orbitals are particle states. The SCF calculations are done in a basis of Gaussian orbitals on each atom. The size of the basis determines the quality of the hole states and the number of particle states. We used a [4s3P] basis of contracted Gaussian functions plus some diffuse components; details are given in the Appendix. Table I lists the hole and particle energy levels used in the calculation.
We include excitations out of all hole levels except the lu 0 and lu,.levels. These levels are too low to have any effect on the low-lying excited states we consider. All particle-hole excitations of the appropriate sym- With the 1p-1h pairs specified, Eq. (4) and Eq. (llb) can then be solved for the excitation frequencies in the 1p-1h approximation. These eigenvalues are the approximate excitation energies of the excited states of the system under the condition that these excited states differ only by single particle-hole excitations relative to a correlated ground state. In the next stage of the calculation we introduce the effect of 2p-2h excitations out of the correlated ground state. We include this effect by using the approximate results, Eq. ( 13), for the energy lowering of the 1p-1h frequency, due to these 2p-2h components. For each state all 2p-2h excitations derivable from the set of single particle-hole excitations i.e., { Cm·/} are included. Table II shows the results of calculations on eleven states of N 2 • All these calculations were done at the ground state equilibrium internuclear distance of 2.068 a.u. In the first column we list the symmetry and the conventional spectroscopic designation of the various states. The next column shows the number of single particle-hole pairs used in setting up the equations of motion. The excitation frequencies in the 1p-1h approximation are listed in the third column. Comparison with the experimental vertical excitation energies show that this approximation predicts all the states to lie about 1 to 3 eV above the experimental values. Inclusion of 2p-2h components lowers the 1p-1h excitation frequencies by about 1 to 3 eV resulting in excitation energies in good agreement with the experimental values. The percentage errors of calculated excitation energies relative to the experimental values are in the range of 1% to 9% with an average error of about 5%. The experimental results are probably reliable to within a few percent while we believe that the various approximations made in deriving the final equation may lead to an error of the same order. We do not intend to make any extensive comparisons between our calculated values and those obtained by other methods, e.g., SCF or CI calculations. The prime I See text. This is an estimate derived from the band oscillator strength measurements by the authors of Ref. purpose of our calculations is to test the practicality and accuracy of the equations-of-motion method. The total amount of computing time is quite low. The calculations on all eleven states of N 2 required only about 20 min on an IBM 370/155. A typical breakdown of this time would be: 30% for the HF calculation on the ground state, 45% for the 1p-1h calculation, and 25% for the inclusion of the 2p-2h components. The other caulculations reported here, i.e., on c o and c2~, both required less than twice this time.
In Table III we compare the calculated oscillator strenths with available experimental results. The calculated oscillator strengths in the second column of Table III 12 This is in agreement with our calculated value of 0.32 for the X -+b 1 II,. transition if we assume a constant transition moment and sum over the whole band.
Finally we obtain a vertical electronic oscillator strength of0.49 for X Table IV shows the hole and particle energy levels used in the calculation. The basis set used in the calculation is described in the Appendix. Table V shows the results of calculations on nine states of CO. In the first column we list the symmetry and the conventional spectroscopic designation of the various states. The number of particle-hole pairs used in each calculation is listed in the next column. In the third and fourth column we show the calculated vertical excitation energies. The results in the third column are those in which only 1p-lh excitations out of the ground state are included in the excitation operator Ox+. As in the results for N2 the exitation energies in this approximation are about 1 to 2 eV above the experimental values. Inclusion of 2p-2h components lowers these values leading to calculated excitation energies in good agreement with experiment. These results and the experimental values are shown in Columns 4 and 5, respectively, of Table V. The percentage errors of calculated excitation energies relative to the experimental values are in the range of 1% to 6% with an average error of about 3%. In terms of computer requirements the method is quite economical. For example the largest matrices involved are the order of 30X30. Calculations using other methods have been carried out on various states of C0. 13 We do not want to make extensive comparisons between our values and those of other methods since we primarily want to test the practicality of our method. We note however that our calculated excitation energies are in as good-in many cases better-agreement with experiment as those of the CI calculations of Ref. 13 . The CI calculations involve much larger matrices than those in the equations-ofmotion method.
In Table VI we compare our calculated oscillator strengths with available experimental data. The X 1~+~A 1 11 transition has been extensively studied by electron energy-loss spectroscopy. Lassettre et al. 14 b Number of single particle-hole pairs used in the calculation. See the Appendix for a discussion of the basis set and selection of the particle-hole excitations.
• In electron volts. • The next four states have the same principal component. (U.S.) 5, (1966 
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C. The T and V States of Ethylene
We have done additional calculations on the T and V states of ethylene which are the triplet and singlet states arising primarily from a 1r--+n"* transition. In these calculations we use an extensive Gaussian atomic orbital basis with diffuse 1r* components which is described in the Appendix. In a previous publication 5 we studied these same transitions in a smaller basis but we made two restrictive approximations in solving Eq. ( 4). First we included only those correlation coefficients in Eq. (7) made up of particle-hole pairs of the same symmetry as the excited state under study, in this case 19 B 3 ,.. In this approximation we assumed that off-diagonal correlation coefficients were small so that • Assuming a Franck-Condon factor of unity for the vertical excitation. Cm-y,n/ (0) =Cm-y,no(1). Secondly, we did not use the fully renormalized matrix elements of Eq. (8), which include terms quadratic in the coefficients Cm-y,n/. These terms are of the same order as other terms linear in Cm-y,n/ and an interaction matrix element Vo;kl· These assumptions, which work reasonably well for ethylene, are poor when applied to systems with stronger electron correlation in the ground state, especially for states of symmetries that are unimportant in the correlation function, Eq. (7), e.g., in diatomic molecules. For consistency we now solve the equations of motion without these assumptions. The magnitude of these corrections is discussed in the Appendix; although they are small the effect is significant enough that these results are not directly comparable with those of Ref. 5. Table VII lists the particle and hold energy levels used in these calculations. Table VIII shows the excitation energies for the  N----tT, N----tV, and N----tR"' transitions. The N----tR"' transition is the first member of the N-mR"' Rydberg series according to Wilkinson's assignment. 20 Wilkinson 20 suggested that this R"' series arose from a 1r----tnd1r., transition. This Rydberg state is of the same symmetry as the V state. As in the results on N 2 and CO we see that the excitation energies obtained by including only 1p-1h components are larger than the experimental values but when 2p-2h components are included theory and experiment are in agrement. The excitation energies for the T and V states are 4.1 and 7.9 eV compared with the observed values of 4.6 and 7.6 eV, respectively. 21 The calculated oscillator strength for the vertical transition is 0.40 compared with the experimental total f value of 0.34 for theN----tV band. 22 • 23 Our results also show that the 1r* orbital of the V state, although somewhat more diffuse than the 1r* orbital of the T state, is a valencelike molecular orbital. A valencelike 1r* molecular orbital is consistent with most available experimental information on the N----tV band. Previous calculations, in both the HF 24 and limited configuration interaction approximation, 25 have given a singlet-state with a diffuse 1r* orbital as the lowest state of this symmetry. In the case of the HF calculations it is very probable that in the SCF approximation the lowest state is in fact a Rydberg state. An extensive configuration interaction calculation should give results similar to those of Table VIII, e.g., a valencelike 7r----t1r* state at about 7.8-8.0 eV. 26 An important consideration in such a calculation would be the inclusion of enough valencelike virtual orbitals to properly describe sigma-pi correlations in addition to diffuse functions, leading to a very large matrix problem.
In Table VIII we also list the excitation energy and oscillator strength for the first 1r-'md1rx Rydberg state. The calculated excitation energy of 8.9 eV is in good agreement with the value reported by Wilkinson 20 for this Rydberg transition. Wilkinson 20 suggested that the state at 9.05 eV was the first member of a N----tR"' Rydberg series involving a 1r-'md1r., transition. This region of the spectrum has recently been remeasured. 22 Our results are in fair agreement with these experimental results and with those of Wilkinson.
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IV. CONCLUSIONS
We have used the equations-of-motion method to study various states of N 2 , CO, and ethylene. In this approach one attempts to calculate excitation energies directly as opposed to solving Schrodinger's equation separately for the absolute energies and wavefunctions. The main purpose of these calculations is to test the accuracy and practicality of the methods. We have found that by including both single particle-hole and two particle-hole components in the excitation operators we can predict the excitation frequencies of all the lowlying states of these three molecules to within about ROSE, SHIBUYA, AND McKOY H>% of the observed values and the typical error is only half this. The calculated oscillator strengths are also in good agreement with experiment. The method is economical requiring far less computation time than a comparable configuration interaction study or selfconsistent field iterative procedures. We believe the EOM method will give equally accurate results for any molecule whose ground state is well represented by the Hartree-Fock scheme.
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APPENDIX: DETAILS OF THE SOLUTION OF THE EOM
Although the "equation of motion" (1) is exact in principle, it must be truncated in any practical calculation. Errors can occur through limiting the basis set and the set of MO's used in the calculation or in the formal expansion of ( 1) . This Ia tter difficulty does not occur in a complete CI calculation but restricting the configurations included amounts to a similar but more arbitrary approximation. The expansion to "second orde~;" used in obtaining ( 4) is consistent with a type of perturbation theory at least from a heuristic point of view, as is the derivation of the Eq. (13) for 2p-2h corrections. The resulting matrix equations are of low dimensionality even when an extensive basis set must be employed.
In second quantization formalism the many electron Hamiltonian can be written as The notation is the same as in the test with J; 3 • and K ..
. u bemg Coulomb and exchange integrals and n; being a space orbital number operator. In the Rayleigh- in energy by 0.9 eV when the present expanded basis is used in the original scheme.
• However, when calculations are done in both bases using the correct equations (8), the charge is only 0.2 eV. The idea of including only correlation coefficients generated from the same symmetry as the excitation under consideration is reasonable if these represent a large portion of the correlation energy, e.g., 60% in the case of the Ea ... symmetry of ethylene. Inclusion of all the coefficients increases the Ea ... frequencies by less than 0.4 eV. In N 2 or CO there are many low-lying states of different symmetries and all the coefficients must be included.
Renormalization of the equations as outlined in Ref. 6 involves inclusion of terms in the second order correction to the matrix A which are proportional to the second order density matrix and also inclusion of the matrix D. These effects tend to cancel causing a typical excitation frequency of a valence state to decrease less than 5%. The greatest effect was found for the a an state of CO where renormalization decreased the frequency by 8%. Treating D as diagonal is a very good approximation affecting the frequencies by less than 1%.
Finally iterating the solutions to self-consistency is of minor importance. One iteration is sufficient to converge the frequencies to the final answer which, in N 2 or CO, is only about 0.1 eV or less above that using the initial (Rayleigh-Schrodinger) correlation coefficients Ciikl· In accordance with these observations, an argument could be made for not iterating the solutions to selfconsistency. In ethylene the T and V states increase in energy about 0.2 eV upon iteration, and at convergence sigma-pi correlation is larger and pi correlation is smaller relative to the Rayleigh-SchrOdinger guess.
The In practice we have taken only the lowest 19 virtual orbitals in solving the equations of motion for N2 and CO. Only for the 1 2:+ states of CO was it necessary to further truncate the particle-hole basis (from 32 to 30) to utilize existing programs. Neither truncation has a significant effect on the excitation energies since representative valence and diffuse virtual orbitals are included accounting for about half the total ground state correlation energy. For ethylene we used a more efficient transformation program which included 22 of 26 virtual orbitals. To keep the total cost of a calculation small for molecule of low symmetry reasonablelet us say under 1 hr-it is necessary at present to restrict the total number of MO's to about 30. *Work supported by the National Science Foundation. .
